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We discuss the surface impedance (Z — R — iX) of a normal-metal/superconductor proximity 
structure taking into account the spin-dependent potential at the junction interface. Because of the 
spin mixing transport at the interface, odd-frequency spin-triplet s-wave Cooper pairs penetrate 
into the normal metal and cause the anomalous response to electromagnetic fields. At low temper- 
ature, the local impedance at a surface of the normal metal shows the nonmonotonic temperature 
dependence and the anomalous relation R > X. We also discuss a possibility of observing such 
anomalous impedance in experiments. 

PACS numbers: 74.45.+C, 74.50.+r, 74.25.F-, 74.70.-b 



I. INTRODUCTION 

Physics of odd-frequency Cooper pairs^ has been a hot 
issue since a theoretical paper pointed out the existence 
of odd-frequency pairs in realistic proximity structures 2 -. 
There are mainly two ways to create the odd-frequency 
Cooper pairs in proximity structures. At first, spin- 
mixing due to spin-dependent potential should generate 
odd-frequency pairs. The authors of Ref. H considered 
a ferromagnet / metallic-superconductor junction, where 
the direction of magnetic moment near the interface is 
spatially inhomogeneous. The spin-flip scattering in such 
magnetically inhomogeneous segment produces the odd- 
frequency spin-triplet s-wave Cooper pairs in the ferro- 
magnet. This prediction has promoted a number of the- 
oretical studies^—. Manifestations of triplet pairs were 
recently observed experimentally as a long-range Joseph- 
son coupling across ferromagnets~~— . Alternatively, the 
odd-frequency pair was suggested in proximity structures 
involving a normal metal attached to an odd-parity spin- 
triplet superconductor that belongs to the conventional 
even-frequency symmetry class. The parity-mixing due 
to inhomogeneity produces the odd-frequency pairs even 
in this casein. The unusual properties of spin-triplet su- 
perconducting junctions due to odd-frequency pairsi£~— 
were predicted theoretically. Unfortunately, however, we 
have never had clear scientific evidences of odd-frequency 
pairs in experiments. This is because physical values fo- 
cused in experiments have only indirect information of 
the frequency symmetry. 

In a previous paper—, we showed that the surface 
impedance directly reflects the frequency symmetry of 
Cooper pair. Surface impedance Z = R — iX rep- 
resents the dynamic response of Cooper pairs to low 
frequency electromagnetic fiel d 24 i 25 . The surface resis- 



tance, R, corresponds to resistance due to normal elec- 
trons. The reactance, X, represents power loss of elec- 
tromagnetic field due to Cooper pairs. In conventional 
even-frequency superconductors, the positive amplitude 
of the Cooper pair density guarantees a robust relation 
fiClat low temperatures and at low frequencies. The 
validity of the relation R < X, however, is question- 
able for odd-frequency Cooper pairs because the odd- 
frequency symmetry and negative pair density are insep- 
arable from each other according to the standard theory 
of superconductivity 2 ^. We have considered a a normal 
metal/superconductor (NS) junction where superconduc- 
tor belongs to spin-triplet odd-parity symmetry. We have 
theoretically shown that the odd-frequency Cooper pairs 
in the normal metal lead to the unusual relationship 
R > X. Therefore observing the relation R > X in ex- 
periments can be a very clear and direct evidence which 
suggests the existence of odd-frequency Cooper pairs. Al- 
though the detection of such unusual relation is possible 
these days, the fabrication of a well characterized NS 
junction using chiral p-wave spin-triplet superconductor 
Sr 2 Ru04 2 — is not easy task. Thus we need to discuss a 
possibility for observing the unusual relationship R > X 
in another accessible proximity structures. 

In this paper, we discuss the surface impedance in NS 
junction consisting of a metallic superconductor where 
pairing symmetry belongs to spin-singlet s-wave. At 
the junction interface, we introduce a thin ferromag- 
netic layer which produces the odd-frequency spin-triplet 
s-wave Cooper pairs in the normal metal. The local 
complex conductivity is calculated based on the linear 
response theory using the quasiclassical Green function 
method. We will conclude that the local impedance in 
the normal metal show the unusual relation R > X when 
the odd-frequency pairs is dominant in the normal metal. 
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We also discuss a possibility to detect of the relation in 
experiments. 

This paper is organized as follows. In Sec. II, we ex- 
plain the theoretical model of a NS junction and the for- 
mula for complex conductivity. The calculated results of 
impedance in NS junctions are shown in Sec. III. The 
conclusion is given in Sec. IV. 



II. MODEL AND METHOD 

Let us consider a bilayer of a superconductor and a 
thin normal metal film as shown in Fig. [TJ where L 
is the thickness of the normal metal. To calculate the 



Normal metal spin-active interface 

4 



■ 




Superconductor 







x = 



FIG. 1: (color online). The schematic picture of a normal- 
metal/superconductor junction under consideration. 

complex conductivity in the normal metal, we first solve 
the quasiclassical Usadel equation— i in the standard 9- 
parameterization, 



HD 



d 2 9„(x,e) 
dx 2 



2ie sin#„(:r, e) = 0, 



(1) 



where D is the diffusion constant of the normal metal 
and e is the quasiparticle energy measured from the Fermi 
level. The subscript v — ±1 describes two Nambu spaces: 
v = 1 indicates the subspace for electron spin-up and 



hole spin-down, and v = — 1 indicates that for electron 
spin-down and hole spin-up. Effects of spin-dependent 
scatterings are considered through the boundary condi- 
tion at the NS interfac&^r^, 
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where jb — is a interface parameter with Rd and 
Rb being the resistance of the normal metal and that 
of the NS interface, respectively. The Green function in 
superconductor is described by 



g s = cos 9 S = 



fs = sin 9 S = 



v /(e + *A) 2 -A' 
v /(e + l A) 2 -A' 



(3) 
(4) 



where A is the amplitude of pair potential in the bulk 
superconductor and A is a small parameter providing the 
retarded Green function. The second term in Eq. ([2]) de- 
scribes the spin-mixing effect at the junction interface. 
Gt represents the spin-independent tunneling conduc- 
tance of the junction interface, whereas G$ is the spin- 
mixing conductance 3 ^. At the outer surface of the normal 
metal, we require 



d0(x,e) 



dx 



0. 



(5) 



x — — L 



The normal and anomalous retarded Green functions are 
obtained as 

g u (x, e) = cos9 v {x, e), f v (x,e) = sinO v (x,e), (6) 
respectively. 

Having found the Green functions, we can calculate the 
local complex conductivity that describes the response 
of the sample to the electromagnetic field. The local 
complex conductivity ctn (x, oS) = o\ + i<y% at frequency 
lo is determined by the general expression 36 



^-J°de[J{e + fiw)-J{e)}K u (7) 
de [J(e + haj)K 2 + J(e)K 3 ] , (8) 



P2{x,u) _ 1 

do 2frw 



Ki =^2fv,i(e)f„,i(e + hu)+g v , R (e)g v>R {e + tiu), (9) 

K 2 =^2 fv,n( e )f»,l( e + t^)-9v,i{e)gu,R{t + ftw), (10) 

V 

K 3 =y^Jv,n(e + tw)f v j{e)-g v j(e + tiw)g VtR (e), (11) 

with J(e) = tanh(e/2fc B T) and 

9v,r( € ) =Re[g !/ (a;,e)] , g v ,i{e) = Im [g u (x, e)] , (12) 

/*,*(e)=Re [/„(*,£)], /„,/(e) = Jm\f v (x,e)]. (13) 
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The local impedance in the normal metal is calculated 
from the complex conductivity as 



Zt$(x,u) = i?N — iX-N — (1 — i)t 



CO 



A cr N (x,w) 



Z , (14) 



where Zq = ^/2irAo/<roc 2 h, Ao is the amplitude of pair 
potential at T = 0, and ao is the Drude conductivity 
in the normal metal. In this paper, we describe the de- 
pendence of A on temperature by the BCS theory. In 
particular, we focus on the local impedance at the sur- 
face of the normal metal defined by 



Rl - iX L = Z N (-L,u). 



(15) 



Such local impedance is an accessible observable these 
days^i. Usual experiments measure the impedance of 
the whole NS structure which is calculated as 

r, D . v ^ Z s cosk n L-iZ N sink n L 

^NS =-KnS— W-NS = Z N"S 7^ — : — T~T' l-LDj 

Zn cos k n L — iZs sin k n L 



where Z$ is the impedance of superconductor which is 
obtained by substituting the Green function of supercon- 
ductor in Eqs. ©-g]) into Eqs. (7])-([T3]). In this paper, L 
is chosen to be comparable to £t c = y/fiD/^nTc with Tc 
is the superconducting transition temperature. In such 
junctions, the conductivity is almost independent of x in 
the normal metal. Therefore it is possible to define spa- 
tially averaged values of the conductivity, the impedance 
and the wavenumber of electromagnetic field as follows 



tr N 



dxa^(x)/ L, 



(17) 



Zjq =i?N — iX^ 



-V4W(c 2 a N ), (18) 
k n =\A47tw<7n/c 2 . (19) 

To understand the relation between the frequency sym- 
metry of a Cooper pair and the sign of the imaginary part 
of complex conductivity <72, we analyze the spectral pair 
density defined by 

Ks{e) =J2f"At)UAz) - 9u,R(e)9vAe), ( 20 ) 
= 5>/ V)Ji (e)/ I , )/ (e) =^Im/ 2 (e), (21) 

which appears in the integrand of a 2 in Eq. ([8]) at 
very small w. We used the normalization condition 
gl(e) + f„(e) — 1. The spectral pair density contains 
full information about the symmetry of /(e) and, there- 
fore, the frequency symmetry of Cooper pairs. At T = 0, 
the Cooper pair density in the normal metal is 



deJ(e)K s (e). 



(22) 



Since K s is an odd function of e according to its definition 
and J(e) is also odd step function of e, the pair density 
becomes 

/>oo 

n s = 2 / deK s (e). (23) 
Jo 

Finally the local density of states is given by 

N(e,x)=Y,Xe\g u (e,x)], (24) 



which is normalized to the normal density of states at 
the Fermi level. 



III. RESULTS 

The theory includes several independent parameters 
discussed as follows. Throughout this paper, we fix the 
thickness of a normal metal L at £t c • The spatial depen- 
dence of the Green function in the normal metal becomes 
weak in this choice. In numerical simulation, we do not 
discuss details of the averaged impedance Z^ in Eq. (fT8|) 
because we have confirmed that Zl ~ Z^. The second 
parameter R^/ tunes the degree of the proximity effect 
in a normal metal. The larger Rd/ Rb gives the stronger 
proximity effect. The third one is G^/Gt which repre- 
sents the strength of spin-dependent potential at the NS 
interface. The forth one is the frequency of electromag- 
netic field u> which should be smaller than Ao /h to obtain 
information about Cooper pairs. Finally we fix the small 
imaginary part in energy as A = O.OOlAo, which does not 
affect following conclusions. 



A. Density of States 

We first show the local density of states (LDOS) at a 
surface of the normal metal for several choices of /Gt 
in Fig. [2] Here we choose the parameter Rd/Rb = 0.2, 
which means the proximity effect is weak. The solid 
and broken lines are the results calculated for v = 1 
and -1, respectively. At G^/Gt — 0, two LDOS for 
v = ±1 are identical to each other and show the mini- 
gap structure for |e| < 0.2A due to the proximity effect. 
In Fig. [31 we show the pair spectral density defined in 
Eq. (|2"Tj) . At G^/Gt = 0, K s has a large positive peak 
around e w 0.2A . Therefore the local pair density in 
Eq. (|23|) becomes positive. This means the penetration 
of even-frequency pairs into the normal metal. When 
we introduce G^/Gt at 0.5, LDOS for v = 1 shifts to 
negative direction, whereas that for v = — 1 moves to 
positive direction. Correspondingly large positive peaks 
in K s are separated into two as shown in Fig. [3] At 
G^/Gt — 1-0, two peaks in LDOS overlap each other. 
In K s function, the large positive peak for v — 1 totally 
cancels the large negative peak for v = — 1 . As discussed 
in a previous paper—, G^/Gt — 1-0 is a critical value. 
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FIG. 2: (color online). Local density of states at the surface 
of the normal metal with Rd/Rb = 0.2. The results for v = 
1 and v = — 1 are shown with the solid and broken lines, 
respectively. 



For G^/Gt < 1.0, the even- frequency Cooper pairs is 
dominant in the normal metal. On the other hand for 
G^/Gt > 1.0, the fraction of odd- frequency Cooper pair 
increases with increasing G^/Gt- In particular at e = 0, 
the frequency symmetry of Cooper pairs is purely odd. 
When we increase G^/Gt = 1.5 and 2.0, the minigap in 
two subspaces are separated from each other as shown 
in Fig. [2] At the same time, K s has a large negative 
peak in low energy region, which means the penetration 
of odd-frequency Cooper pairs into the normal metal. 



B. Impedance 

Next we show the impedance as a function of tem- 
perature for several choices of G^/Gt in Fig. 01 where 
huj = O.lArj. We choose a boundary parameter as 
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FIG. 3: (color online). K s function at the surface of the nor- 
mal metal. The local pair density is calculated from Eq. (|23l) . 



Rd/Rb = 0.2 in Fig. HI which again means the prox- 
imity effect is weak. The results for G^/Gt = in 
Fig. Eta) shows the typical and conventional behavior 
of impedance in NS junctions. The local impedance at 
the surface of normal metal _Rl and monotonically de- 
crease with decreasing temperature far below Tq and sat- 
isfy the robust relation i?L < X\,. The impedance of a NS 
bilayer i?NS and -X"ns show qualitatively similar behavior. 
Namely the impedance satisfies i?Ns < -Xns- These be- 
havior are a direct consequence of the fact that all Cooper 
pairs belong to even-frequency spin-singlet s-wave pair- 
ing symmetry. Such characteristic feature remains even 
if we introduce G^/Gt by small amount up to 1.0 as 
shown in Fig. |4f b) . In the presence of the spin-dependent 
potential at the NS interface, the odd-frequency spin- 
triplet s-wave Cooper pairs appear in the normal metal 
in addition to conventional even-frequency spin-singlet s- 
wave pairs. The fraction of odd-frequency pairs is much 
smaller than that of even- frequency pairs for G^/Gt < 1. 
However G^/Gt exceeds unity as shown in Figs.@|c) and 
(d), the the local impedance shows the unusual relation 



5 



i?L > A L at low temperature for T < T* , where T* is 
defined as the crossover temperature. In Figs. 2(c) and 
(d), T* is about 0.02 for G /G T = 1.5 and is 0.06 for 
G^/Gt = 2, respectively. At the same time, i?NS an d 
Xns show the nonmonotonic dependence of temperature 
for T < T*. For G^/Gt > 1, the fraction of the odd- 
frequency Cooper pairs become becomes larger than that 
of the even-frequency pairs. Thus the anomalous behav- 
ior of impedance in Figs. |4jc) and (d) is the direct evi- 
dence of the odd-frequency Cooper pairs in the normal 
metal22. 
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pairs in the superconductor dominate the impedance of 
the bilayer. The nonmonotonic temperature dependence 
of _Rns and Xns, however, can be seen for T < T* . 
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FIG. 5: (color online). The results of impedance for Rd/Rb 
1 and hw — O.IAq. 
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FIG. 4: (color online). Impedance is plotted as a function of 
temperature for Rd/Rb = 0.2 and Hu) = O.IAq. The length 
of the normal metal is fixed at L/^t c ~ 1. The symbols 
(i?NS and Xns) represent the results of impedance for the 
whole NS bilayer in Eq. (|16|) . The lines (Rl and Xl) are the 
local impedance at the surface of the normal metal given in 
Eq. (HU). 

Such anomalous behavior of impedance (Rl > Xl) is 
expected much wider temperature range when we con- 
sider stronger proximity effect. The results are shown in 
Figs. [S] and [SJ where we choose Rd/Rb — 1 hi Fig. [5] 
and Rd/Rb = 5 in FigfBl The frequency of electro- 
magnetic field remains unchanged from tuo = 0.1 Ao 
in both figures. At G^/Gt = 1-5, for instance, the 
crossover temperature is T* = 0.02T C for Rd/Rb = 0.2 
in Fig. gfc), T* = 0.17T C for R d /R b = 1 in Fig. 15(a), 
and T* = 0.5T C for R d /R b = 5 in Fig. g^a). In the 
same way at G^/Gt = 2.0, T* /T c is 0.06, 0.3, and 0.8 
for in Fig. H(d), in Fig. [5jb), and in Fig. [Sib), respec- 
tively. Thus we conclude that the anomalous relation in 
the local impedance Rl > Xl can be observed wider 
temperature range for larger Rd/Rb- On the other hand, 
the impedance of the whole NS bilayer always shows the 
usual relation i?NS < Xns- The even- frequency Cooper 



FIG. 6: (color online). The results of impedance for Rd/Rb = 
5 and ftw — O.lAo. 

Finally we look into the impedance for several choices 
of the frequency of electromagnetic field in Fig. [3 where 
we choose G^/Gt = 1.5 and Rd/Rb = 5. The frequency 
of electromagnetic field is chosen as haj /Ao = 0.01 and 
0.5 in (a) and (b), respectively. Here we focus only on the 
local impedance Zl- These results should be compared 
with Fig. [(Ja) for hcu/Ao = 0.1. The crossover tempera- 
ture to the anomalous relation is higher for smaller fre- 
quency. In Fig. Efa), we find T* - 0.8T C - Thus it is 
easier to detect the anomalous relation R > X in lower 
frequency in experiments. On the other hand, any sign 
for the odd-frequency pairs cannot be seen in the results 
for high frequency at hu; = 0.5Ao in Fig. [7(b). Thus we 
need to tune the frequency of electromagnetic field to be 
much smaller than Aq/H. 

On the basis of the calculated results, we predict that 
the anomalous relation of the impedance R > X due to 
the odd-frequency Cooper pairs would be observed for 
high value of Gc/)/Gt and sufficiently low frequency of 
electromagnetic filed. The fabrication of NS bilayers us- 
ing a thin ferromagnetic insulator— would realize large 
enough value of Gc/)/Gt- It's also important to note that, 
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as shown in Ref<22, in the case of thin ferromagnetic (F) 
film the effects of the exchange field and the G4>/Gt are 
equivalent. Therefore, the predicted anomalous behavior 
of impedance can be also realized in S/F junctions with 
thin F-layer. At the same time, the local impedance mea- 
surement is possible now^. Thus the conclusion of this 
paper could be confirmed in experiments. 



(b) txo = 0.5A 




FIG. 7: (color online). The results of local impedance for 
Rd/Rt = 5 and G^/Gt = 1.5. We choose hoj/A = 0.01 in 
(a) and 0.5 in (b). These results should be compared with the 
results for fiu/Ao = 0.1 in Fig[5Ja). 



spin-dependent potential at its junction interface. The 
complex conductivity is calculated from the quasiclassical 
Green function which is obtained by solving the Usadel 
equation numerically. The Effects of the spin-dependent 
potential at the interface is considered through the G<$>- 
term in the Kupriyanov-Luckicev boundary condition at 
the junction interface. The spin-dependent potential 
produces the odd-frequency Cooper pairs in the normal 
metal. We conclude that the local impedance in the nor- 
mal metal shows the unusual relationship R > X when 
the odd-frequency Cooper pairs become dominant in the 
normal metal. The predicted results can be observed by 
recently developed local impedance measurement tech- 
nique. In this paper, we consider spin-singlet s-wave 
superconductor as a bulk superconductor. It is a chal- 
lenging issue to extend this calculation available for un- 
conventional superconductor, spin-singlet c?-wave^, spin- 
triplet p-wave^, and topological superconductors 40 . In 
these systems, it is known that Andreev bound state or 
Majorana fermion governs charge transport^. 
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